Abstract. In this article, we treat G 2 -geometry as a special case of multisymplectic geometry and make a number of remarks regarding Hamiltonian multivector fields and Hamiltonian differential forms on manifolds with an integrable G 2 -structure; in particular, we discuss existence and make a number of identifications of the spaces of Hamiltonian structures associated to the two multisymplectic structures associated to an integrable G 2 -structure. Along the way, we prove some results in multisymplectic geometry that are generalizations of results from symplectic geometry.
Introduction
Let M be a 7-dimensional manifold admitting a smooth differential 3-form ϕ such that, for all p ∈ M , the pair (T p M, ϕ) is isomorphic as an oriented vector space to the pair (R 7 , ϕ 0 ) where 
with dx ijk = dx i ∧dx j ∧dx k . In [9] , it is shown that the Lie group G 2 can be defined as the set of all elements of GL(7, R) that preserve ϕ 0 , so for a manifold admitting such a 3-form, there is a reduction in the structure group of the tangent bundle to the exceptional Lie group G 2 ; hence, the pair (M, ϕ) is called a manifold with G 2 -structure. Using the theory of G-structures and the inclusion of G 2 in SO (7), all manifolds with G 2 -structure are necessarily orientable and spin, any orientable 7-manifold with spin structure admits a G 2 -structure, and associated to a given G 2 -structure ϕ are a metric g ϕ called the G 2 -metric, satisfying
for any vector fields X and Y on M , a 4-form 
where ⋆ is the Hodge star operator associated to g ϕ and finally a 2-fold vector cross product ×. A natural geometric requirement is that the 3-form ϕ be covariant constant with respect to the Levi-Civita connection of the G 2 -metric g ϕ ; if this is so, we say that the G 2 -structure is integrable and call the pair (M, ϕ) a G 2 -manifold.
It is a nontrivial fact that the integrability of the G 2 -structure is equivalent to the holonomy of g ϕ being a subgroup of G 2 as well as ϕ being simultaneously closed and coclosed, that is, dϕ = 0 and d * ϕ = 0 respectively, where d * is the adjoint to the exterior derivative d defined in terms of the Hodge star ⋆ of g ϕ ; the condition that ϕ be coclosed then implies that the 4-form ⋆ϕ is closed. See [30] , [31] , [32] , [33] , [43] for more information on these constructions and conditions. Let M be an n-dimensional smooth manifold, and let ω be a closed (k + 1)-form on M satisfying the nondegeneracy condition X ω = 0 iff X = 0
for X a vector field on M . The pair (M, ω) is called a multisymplectic n-manifold of degree k + 1; such manifolds can be viewed geometrically as a natural generalization of symplectic manifolds which, in this language, are even-dimensional multisymplectic manifolds of degree 2. Note that there are the k associated linear maps
for all j = 1, . . . , k and that the nondegeneracy of ω forces ω 1 to be injective and ω k to be surjective. Also, for multisymplectic forms of degree ≥ 3, there is a stronger notion of nondegeneracy than that used here, cf. [36] , [37] , [38] . Exact multisymplectic manifolds, that is, multisymplectic manifolds where the multisymplectic (k + 1)-form is exact, arise naturally in physics as multiphase spaces which are bundles of higher-degree differential forms equipped with an exact multisymplectic form that are generalizations of the standard phase space given by the cotangent bundle equipped with the canonical symplectic form, e. g. [15] , [16] , [24] , [25] , [26] . It is important for the purpose of this article to note that Equations 2, 103 imply the nondegeneracy of ϕ and ⋆ϕ in the sense of Equation 4 which means that a G 2 -manifold is simultaneously a multisymplectic manifold of degree 3 and of degree 4 with the multisymplectic 3-form ϕ and multisymplectic 4-form ⋆ϕ respectively. A vector field X and a real-valued function H on a symplectic manifold (M, ω) satisfying X ω = dH (6) are referred to as a Hamiltonian vector field and a Hamiltonian function respectively. Similarly, a (k − l)-multivector field Q and a differential l-form α on a multisymplectic manifold (M, ω) of degree k + 1 satisfying
are referred to as a Hamiltonian (k − l)-multivector field and a Hamiltonian l-form respectively. The spaces of Hamiltonian vector fields and Hamiltonian functions, along with associated algebraic structures on these spaces, are important and fundamental concepts in symplectic geometry from both the mathematical and the physical perspective and arise from the Hamiltonian formulation of classical mechanics where a Hamiltonian function represents the total energy of a given mechanical system, e. g. [4] , [14] , [40] ; similarly, the spaces of Hamiltonian multivector fields and Hamiltonian differential forms, along with associated algebraic structures on these spaces, arise from the covariant Hamiltonian formulation of classical mechanics, and indeed much of the interest in the subject of multisymplectic geometry has come from various areas of physics, e. g. [5] , [6] , [7] , [16] , [15] , [17] , [24] , [25] , [28] , [42] . The work providing the foundations for study of these spaces of Hamiltonian multivector fields and Hamiltonian differential forms on general multisymplectic manifolds has been completed by a number of authors, cf. [15] , [25] , [42] . The purpose of this paper then is to treat G 2 -geometry as a special case of multisymplectic geometry, consider Hamiltonian multivector fields and Hamiltonian differential forms on manifolds with an integrable G 2 -structure, called Rochesterian/coRochesterian multivector fields and Rochesterian/coRochesterian differential forms to distinguish them from the general multisymplectic setting, and prove some results in multisymplectic geometry that are generalizations of results from symplectic geometry.
This paper comes from a research plan to view G 2 -geometry using the perspectives of symplectic and contact geometry, cf. [2] , [3] for more on contact structures on manifolds with a G 2 -structure. Treating symplectic geometry and G 2 -geometry as analogues however is certainly not new. For example, let V be a real, finitedimensional vector space with inner product ·, · and define a k-fold vector cross product to be an alternating, multilinear map
satisfying
(10) where Vol is the volume form on V with respect to ·, · . Using this inner product, there is then also the associated
Such objects can be attached to smooth Riemannian manifolds in the standard way by attaching them to the tangent spaces at each point and requiring that they vary smoothly across the manifold; note that a k-fold cross product on a Riemannian manifold yields a differential (k + 1)-form defined point-wise by Equation 11 . k-fold vector cross products on linear spaces are studied by Brown and Gray [8] and on manifolds by Gray [27] . They show that a k-fold vector cross product on an ndimensional space only exists for certain pairs (k, n): (n − 1, n), (1, 2m), (2, 7) and (3, 8). The geometry of an (n − 1)-fold vector cross product on an n-dimensional smooth manifold is simply the Riemannian geometry of the original manifold since the associated differential form has degree n and must therefore be a multiple of the volume form associated to the Riemannian metric; note that the standard two-fold vector cross product on R 3 falls into this category. 1-fold vector cross products are better known as almost complex structures, and the associated differential 2-form, when closed with respect to the exterior derivative, is then a symplectic form.
The other two cases arise naturally from the octonions O, an 8-dimensional, real, non-associative, non-commutative, normed algebra with unit vector 1 where the 1-dimensional subspace spanned by the vector 1 is denoted [27] show in particular that the existence of a two-fold vector cross product on a 7-dimensional manifold is equivalent to a reduction in the structure group of the tangent bundle to the exceptional Lie group G 2 . Work of Fernández and Gray [22] classifies G 2 -structures into 16 classes such as closed G 2 -structures, coclosed G 2 -structures and integrable G 2 -structures and, as they mention, should be compared to the various classes of Kähler structures; examples of manifolds with G 2 -structures satisfying various of these conditions have been extensively studied, e. g., [9] , [10], [11] , [12] , [13] , [19] , [20] , [21] , [23] , [30] , [31] , [43] . Finally, links between Calabi-Yau geometry and G 2 -geometry in the context of mirror symmetry have been actively explored, e. g. [1] , [5] , [28] , [34] , [35] .
The body of this article consists of two main sections. Section 2 is background material for the paper and is itself divided into two subsections. Section 2.1 gives introductory material on multivector fields and associated operations including the Schouten-Nijenhuis bracket and a generalization of [32, Lemma A.0.8] to general q-multivector fields
2 is a discussion of Hamiltonian multivector fields and Hamiltonian differential forms on multisymplectic manifolds largely paralleling the exposition of [15] together with the multisymplectic version of a well-known result from symplectic geometry
Finally, Section 3 is the main section of our paper wherein we consider Rochesterian multivector fields and Rochesterian differential forms. We first prove the helpful lemma
Our main results then consist of the following theorem, corollary and proposition.
Corollary 1.2. There are no nonzero Rochesterian vector fields, and hence no nonzero Rochesterian 1-forms, on a closed manifold M with closed G 2 -structure ϕ.
Then the only 2-multivector fields Q that are Rochesterian and coRochesterian are those whose contraction with ϕ is zero. [39] ; other references are given throughout. Let V be an n-dimensional vector space over R with dual space V * . Using the exterior product ∧, there are the vector spaces of l th -exterior powers Λ l (V ) and Λ l (V * ) of V and V * respectively for l ≥ 0 whose elements are called l-multivectors and exterior l-forms respectively. Explicitly, we can write
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where ∧ satisfies v ∧ w = −w ∧ v; this property implies that Λ l (V ) = Λ l (V * ) = {0} for all l > n. The collections of these spaces then forms the associative graded algebras
and
Let M be an n-dimensional manifold, so for each p ∈ M , we have the vector spaces given by the tangent space T p M and the cotangent space T * p M which by the above construction yield the l th -exterior powers
The collection of these spaces gives the associated vector bundles
Smooth sections of these bundles, denoted by Ω l (T M ) and Ω l (T * M ), are called l-multivector fields and differential l-forms respectively where
for all l > n; an l-multivector field that can be written as X 1 ∧ · · · ∧ X l for X 1 , . . . , X l ∈ Ω 1 (T M ) is called decomposable. As above, we can take the collection of multivector fields and differential forms for all l ≥ 0 to get the associative graded algebras
of multivector fields and differential forms respectively. For a differentiall-form φ and a decomposable l-multivector
where denotes the standard contraction of a differential form by a vector field; if f ∈ Ω 0 (T M ), then contraction reduces to multiplication
and for a q-multivector Q with q >l,
We next consider the Schouten-Nijenhuis bracket on the collection of multivector fields, a natural extension of the standard Lie bracket on vector fields. The construction given here follows that of [44] ; see [24, Appendix A] for an equivalent, up to signs, perspective on this bracket and related operations. For X ∈ Ω 1 (T M ) and Q ∈ Ω q (T M ) define an extension of the standard Lie derivative by
where p ∈ M and {exp(tX)} denotes the one-parameter subgroup of diffeomorphisms generated by X. For a decomposable l-multivector field
where
Extend this operation to a general multivector field by linearity, and note that for
. This bracket, called the Schouten-Nijenhuis bracket, satisfies the following properties
The Schouten-Nijenhuis bracket gives the algebra of multivector fields Ω(T M ) the structure of a Gerstenhaber algebra, cf. [39] , [45] , [46] .
To describe the relationship between the Schouten-Nijenhuis bracket and the contraction operation, we use an extension of the standard Lie derivative of a differential form along a vector field to that along a multivector field. Our sign conventions follow those given by [41] .
This operator satisfies the following properties
Finally, there are a number of relations that are straightforward generalizations to multivector fields of those relations given in [32, Lemma A.0.8] for vector fields that will be useful in Section 3. Let M be an n-dimensional Riemannian manifold with Riemannian metric g where g is used to also denote the extension of Riemannian metric to the spaces of j-multivectors and differential j-forms. Let
and ⋆ the Hodge star isomorphism associated to the Riemannian metric g where,
from which we get the relation
Recall that ⋆ ⋆ α = (−1) l(n−l) α which, together with Equation 37, implies that
Taking ⋆ of Equations 37, 38 gives
2.2. Hamiltonian Structures in Multisymplectic Geometry. Our presentation parallels that of [15] ; [25] also covers this material using coordinates on multiphase spaces. Let (M, ω) be an n-dimensional multisymplectic manifold of degree
we say that Q is locally Hamiltonian if the (l + 1)-form Q ω is closed; we say that Q is Hamiltonian if there is an l-form α such that
An l-form α is Hamiltonian if there is a (k − l)-multivector field Q satisfying Equation 41. We denote the collection of locally Hamiltonian (k − l)-multivector fields by Ω 
for each l, and if H 
Thus, given
is only defined up to a (k − l)-multivector field whose contraction with ω is zero. Such (k − 1)-multivector fields form a subspace of Ω k−l H (T M ), so we can consider the quotient space Ω k−l H (T M ). These considerations yield the isomorphism of vector spaces
In the specific case of l = k − 1, injectivity of ω 1 implies that the Hamiltonian 1-multivector field, i. e., Hamiltonian vector field, associated to a given Hamiltonian (k − 1)-form is uniquely determined by that form, that is,
and in the case of l = 0, surjectivity of ω k implies that
and hence that
Remark. The injectivity of ω 1 implies that there exists an injective map
and the surjectivity of ω k implies that
where Ω k lH (T M ) denotes the quotient space of Ω k lH (T M ) by the subspace of all elements of Ω k (T M ) whose contraction with ω is zero.
shows 
with {α 1 , α 2 } = 0 if q 1 + q 2 > k + 1. This definition is independent of the choices of associated Hamiltonian multivector field and satisfies
This bracket is well-defined on the quotient spaces Ω l H (T * M ) because if, for example, we assume that dα 1 = 0, then by Equations 41, 51,
A similar argument can also be applied in the case that the second entry is closed to get the claim; then define
Note that the above means that we need to take the Lie degree of α ∈ Ω k−q H (T * M ) to be q, that is, the degree of α ∈ Ω k−q H (T * M ) as an element of the graded Lie algebra of Hamiltonian forms is defined as k minus the tensor degree of α; the Lie degree of {α 1 , α 2 } is then k−(k+1−q 1 −q 2 ) = q 1 +q 2 −1. We last consider the Jacobi identity for this bracket, so let
Similarly,
Finally, with the use of Equations 29, 32
These equations combine to yield the relation
which is zero in the quotient space Ω H (T * M ). This bracket and grading thus give the quotient space Ω H (T * M ) the structure of a graded Lie algebra which can be identified with the graded Lie algebra of the quotient space Ω H (T M ) together with the Schouten-Nijenhuis bracket.
Remark. This bracket is a generalization of the semibracket defined in [6] for the specific case of q 1 = q 2 = 1, and the proof of the previous result for that case, of which our proof is a straightforward generalization, can be found in [6, Proposition 3.7] . Proposition 2.2. Let (M, ω) be a multisymplectic manifold of order (k+1), and let
Proof. Note that q 1 + q 2 = k + 1 implies q 2 = k + 1 − q 1 > k − q 1 ; in particular, this means that Q 2 α = 0 which, together with Equation 29 gives
We remark that in the case q 1 + q 2 < k + 1, then the above calculation yields
showing only that
(Co)Rochesterian Multivector Fields and (Co)Rochesterian Differential Forms on G 2 -Manifolds
Definition 3.1. Let (M, ϕ) be a manifold with closed G 2 -structure.
Corresponding to the multisymplectic 7-manifold (M, ϕ) of degree 3 there are the spaces ϕ
with ϕ 1 injective and ϕ 2 surjective. Definition 3.2. Let (M, ϕ) be a manifold with coclosed G 2 -structure.
(1) An l-multivector field Q is called a coG 2 l-multivector field, l = 1, 2, 3, if
Corresponding to the multisymplectic 7-manifold (M, ⋆ϕ) of degree 4 there are the spaces
together with the quotient spaces as in Section 2.2; moreover, there are the linear maps as in Equation 5 ⋆ϕ
with ϕ 1 injective and ϕ 3 surjective.
Proof. Recall that the action of G 2 on R 7 induces an action of G 2 on spaces of differential forms on a manifold with G 2 -structure, so we can decompose each space of k-forms into irreducible G 2 -representations. References for this material include [22] , [30] and [43] . In particular, as in [32] , it is the case that
with 
showing that Q ♭ ∈ Ω 
from which it follows that
Thus ⋆ϕ 2 is surjective and hence bijective.
Corollary 3. 4 .
Corollary 3. 5 .
The reverse inclusion does not hold in general. For example, consider (R 7 , ϕ 0 ) where ϕ 0 is the 3-form defined in Equation 1, let Q be the 2-multivector field given by Q = ∂ ∂x 6 ∧ ∂ ∂x 6 and let α be the 1-form defined by α = x 4 dx 5 + x 2 dx 3 . Then α is coRochesterian since
where ⋆ϕ 0 is the 4-form defined in Equation 3; however, α is not Rochesterian since for a general vector field X = 
which can never be equal to dx 45 +dx 23 . This example also emphasizes the fact that the space of Rochesterian multivector fields is not in general closed under the wedge product since on (R 7 , ϕ 0 ), straightforward calculations show that every coordinate vector field is a Rochesterian vector field. From [18] , if X is a 3-dimensional manifold, then (T * X × R, ϕ = Re Ω + ω ∧ dt) is a 7-manifold with closed G 2 -structure where Ω is a certain complex 3-form and ω is the tautological 2-form on T * X. Then the vector field ∂ ∂t is Rochesterian with an associated Rochesterian 1-form given by the tautological 1-form α on T * X; however, because ϕ 1 is not surjective, the existence of nonzero Rochesterian vector fields, and hence Rochesterian 1-forms, on manifolds with a closed G 2 -structure is not guaranteed as is seen as a consequence of the following theorem (see [2, Theorem 2.4] for the original form of the statement and proof of this theorem).
Lemma 3.6. Let M be a closed manifold, and let ϕ be a closed G 2 -structure on M . Then X ϕ is exact if and only if X is the zero vector field.
Proof. If X is the zero vector field, then X ϕ = 0 at every point; in this case, we can take X ϕ = df where f : M → R is the constant function f (p) = 0 for all p ∈ M . Conversely, assume that X is an arbitrary vector field such that X ϕ is exact. Then there exists some 1-form α such that X ϕ = dα. Using the G 2 -metric defined by ϕ, we have that
From here, we find that, since ∂M = ∅, an application of Stokes' Theorem yields
Since Vol(M) = 0, we must have that ||X|| L 2 = 0 proving that X = 0 as desired. Corollary 1.2 now follows immediately.
Remark. As pointed out by an anonymous referee, there is another instance of nonexistence, this time, for G 2 vector fields. Specifically, in the case of a compact torsion-free G 2 -structure, i. e., a G 2 -manifold, G 2 vector fields, being by definition Killing vector fields, will be parallel since G 2 -manifolds are Ricci flat. In the case of a nontrivial G 2 vector field, there would necessarily be a reduction in the holonomy to a proper subgroup of G 2 . Thus there are no nontrivial G 2 vector fields on a compact G 2 -manifold with full G 2 -holonomy.
Remark. The bracket constructed on Hamiltonian differential forms in Section 2.2 reduces to the usual Poisson bracket on functions in the case of a multisymplectic manifold of degree 2, that is, a symplectic manifold, and it is a fundamental fact that diffeomorphisms which preserve the symplectic structure can be identified with the diffeomorphisms which preserve this Poisson bracket; however, no such characterization is available for diffeomorphisms which preserve the multisymplectic structure of a general multisymplectic manifold as can be seen using Corollary 1.2. Let (M, ϕ) be a closed manifold with closed G 2 -structure, then the bracket operation operates either on a pair of Rochesterian 1-forms, on a Rochesterian 1-form and Rochesterian function or on a pair of Rochesterian functions; since the bracket on Rochesterian functions is necessarily zero and there are no nonzero Rochesterian 1-forms, any smooth map Φ : M → M then trivially preserves this bracket.
By the considerations in Section 2.2, there are the following identifications 
Explicitly, if X ∈ Ω 1 R (T M ), then by definition there exists a unique α ∈ Ω 1 R (T * M ) such that X ϕ = dα (100) and, since ⋆ϕ 2 is an isomorphism, there exists a unique U ∈ Ω 2 (T M ) such that
This completes the identifications of Theorem 1.1. We remark that there is also the description of Ω 1 R (T * M ) as
For our final consideration, we will need the following lemma which is a slight generalization of [32, Lemma 2.4.6] to general 2-multivector fields, and the proof given here a direct adaptation of that proof. Remark. This is not necessarily the case for a general G 2 -manifold. Again, consider (R 7 , ϕ 0 ) with Q = 
which also implies that Q is nonzero in the quotient.
